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Abstract-A method is developed for determining the gray gas weighting coefficients for gas-soot mixtures 
from the coefkients which separately model the soot behavior and the behavior of the gases. Representations 
for both the emissivity and absorptivity are achieved. The approach is shown to be accurate over wide ranges 

of temperature, pathlength and soot concentration. 

gray gas weighting coefficient-soot 
emissivity ; 
gray gas weighting coefficient-soot 
absorptivity; 
total band absorptance ; 
band overlap factor ; 
gray gas weighting coefficient-gas 
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gray gas weighting coeflicient-gas 
absorptivity; 
gray gas weighting coefficient-gas-soot 
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gray gas weighting coefficient-gas-soot 
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second Planck constant; 
Planck function ; 
volume fraction of soot; 
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[m-i]; 
spectral absorption coefficient for soot 

[m-l]; 
gray gas absorption coefficient-gas- 
soot mixture emissivity [m- ‘1; 
gray gas absorption coefficient-gas- 
soot mixture absorptivity [m-r] ; 
pathlength Em] ; 
pressure [atm.] ; 
temperature [K] ; 
temperature of the medium [K] ; 
source temperature [K J. 

Greek symbois 

;;:> 
absorptivity; 
gray gas absorption coefficient-gas em- 
issivity [m-l] ; 

Pi> gray gas absorption coefGcien-gas ab- 
sorptivity frnml]; 

Yir gray gasabsorption coefficientsoot em- 
issivity [m-i]; 

Yf* gray gas absorption coefficient-soot ab- 
sorptivity [m- ‘1; 

emissivity ; 
wavelength ; 
Stefan-~olt~rna~u constant; 
pentagamma function. 

Subscripts 
C, carbon dioxide ; 
g. gas ; 

:, 
soot; 
gas-soot mixture; 

W, water vapor. 

Superscript 

, sum of gray gases r~pre~tation. 

INTRODUCTlON 

GRAY gas weighting coefficients for gas-soot mixtures 
have been determined by several investigators under 
certain conditions [I-S]. In refs. [l-3] the wei~ting 
factors for the soot were required to be equal to those 
for the gas at all temperatures. Although this require- 
ment allows zonal heat transfer computations to be 
performed more efficiently, it can introduce significant 
errors since the weighting factors for gas and soot have 
somewhat different dependencies on temperature [4]. 
In ref. [4, S] weighting factors for specific gas-soot 
mixtures were determined directly from mixture em- 
issivities. Although a wide range of temperature was 
modelled, the weighting factors were determined for 
only two ratios of water vapor to carbon dioxide 
partial pressures and for only four different soot 
concentrations. 
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The purpose of the present study is to develop a 
simple analytical framework within which gray gas 
weighting coefficients for arbitrary gassoot mixtures 
may be accurately determined from the coefhcients 
which separately model the soot and the mixture of 
gases. In addition to providing a simple formulation 
for arbitrary mixtures, the present approach has the 
advantage of allowing the two different types of species 
to be modelled separately. Wence, when different types 
of soot need to be considered (because the combustion 
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of different fuels is being modelled) the gray gas 

weighting coefficients for the new gassoot mixture 
may be determined simply by remodelling the soot and 
combining these results with the known behavior for 

pure gas mixtures. The constraint of having to directly 
model specific gas-soot mixtures [4, 51 is thereby 

removed. 

ANALYSIS 

Emissivity 

The total emissivity of a gas-soot mixture may be 

written in general as [6] 

c, = e, + 1 [EZj/(aT”,)] e-LLAij 
i.j 

- F $e-[*fiLA.4, (1) 
m 

where ij denotes the ith band of thejth gas species, AA, 
is the reduction in band absorptance due to band 
overlap in the kth spectral region, and eS is the total 
emissivity of the soot (as if no gases were present). The 
barred quantities indicate an appropriate mean value 
of the quantity for the particular gas band. By 

introducing the following approximation to equation 
(1) the desired result may then be obtained 
directly-no additional approximations are required. 

As suggested in refs. [7,8], if a single mean value for 
the absorption coefficient of the soot is adopted (k,,) 
for all of the bands, and if, in addition, its value is 
chosen such that c, = 1 -exp( - k,,L), then the total 
emissivity of the gas-soot mixture may be written as 

Fq = E, + (1 - e.& (2) 

where Ed is the total emissivity of the gases (as if no soot 

were present) and is given by 
_ 

% = $+A, - ;$A& i.j ~Trn 
(3) 

m 

The approximation given by equation (2) has been 
demonstrated to be accurate over three decades of 
pathlength for a given gas-soot mixture at a single 
temperature [8]. Since equation (2) marks the point of 
departure for the present study, its accuracy was 
investigated over a wider range of conditions. As 
discussed in detail in the next section, this approxi- 
mation was always found to be reliable. 

The desired sum of gray gases representation for the 
gas-soot mixture emissivity is of the form [4, 51 

Er = 5 B,(l - e-k&L ) (4) 
k=l 

where 

and 

B, = &(T,) (5) 

& = &PC, P,,L) (6) 

in which P, and P, are the partial pressures of the 
carbon dioxide and water vapor and!, is the volume 

fraction of soot. The _ is introduced to indicate 
quantities which are represented by the sum of gray 
gases model. In addition, to satisfy the optically thick 
limit, 

H 

c B,= 1. 
k=l 

An important feature of the above representation is 
that the dependence of the total emissivity on tempera- 
ture is to be carried entirely by the pre-exponential 

factor B,. This type of representation is desired since it 
greatly reduces the computational requirements as- 
sociated with determining the zonal interchange areas 
which arise when computing radiative heat transfer by 

the zone method [4, 51. 
To achieve this representation from the individual 

sum of gray gases representations for the pure gas and 
pure soot emissivities, the individual representations 
must both be of the form defined by equation (4). That 

is, the emissivity of the gas mixture (in the absence of 
any soot) must be given by 

where 

and 

.$ = c b,(l - ee@) 
j=l 

bj = bj(T,), 

Bj = BjtpcT pw) 

(8) 

(9) 

(10) 

; b,= 1. 
j=l 

(11) 

The emissivity of the soot (in the absence of any 
gases) must be given by 

where 

and 

F, = C ai(l - eeyaL) 
,=l 

ai = ai( 

li’, = Yi(“L) 

(12) 

(13) 

(14) 

iF; ai = 1. (15) 

It is to be noted that the single gray gas representation 
of the soot emissivity which was used in deriving 
equation (2) from equation (l), c, = 1 - exp( -k,, L), is 
not of the above form since k,, = k,,(T,f,) [7, 81. 
Therefore, it must first be represented in this form in 
order to achieve the desired result. This is accom- 
plished in a later section. 

From equations (11) and (15) it is noted that 

(16) 
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Then, by combining equations (2) (8), (1 l), (12), (15) 
and (16) it follows that the total emissivity of the 
gas-soot mixture may be written in the form of 
equation (4) as 

where 

B,, = aibj (18) 

Kij = “fi + pj (19) 

Equations (17)-( 19) thereby represent the emissivity 
of an arbitrary gas-soot mixture as a sum ofgray gases 
in which the weighting factors (Bij, Kij) may be 
computed from those used to separately model the gas 
(bj, 13,) and the soot (ai, y,). 

Absorptivity 
For a gas-soot mixture at temperature T, which is 

irradiated by a gray or black source at temperature T,, 
the absorptivity is given by 

E&To) a&T,, T,) = a&T,) + CFe- 3-1 k L A,~(T,) 

i.j 0 

- 5 Fe-IzaL AA,( (20) 

The total absorptivity of the pure soot, tl,, depends only 
on the source temperature since the spectral absorp- 
tion coefficient for the soot is, to a good approxi- 
mation, independent of temperature across the range 
of temperatures encountered in combustion systems 
[9]. Another consequence of this physical characteris- 
tic of the soot is that 

@#-cl) = W,). (21) 

Proceeding in the same manner which led to 
equation (2) from equation (l), one obtains the 
following approximate expression for the total 
absorptivity : 

w-m To) = @s(T,) + [l - %(~,)l~,(~?n~ To) 
WI 

where 

cl&T,, T,) = c =$) Aij(7-“) 
i.j 0 

ELI-o) 
-; UT;: 

- AAAT,). (23) 

The accuracy of the above relationship is demon- 
strated in the next section. 

The desired sum of gray gases representation for the 
absorptivity is then achieved in a manner analogous to 
that used in developing the expression for the em- 
issivity. The result is 

(24) 

where 

and 

(25) 

“ij CL pc3 Pwf = YfiL) + B:(pc* pw) (26) 

in which the functions a;(T), yi(fV), bi( T,, T,) and 
@PC, P,) are the gray gas weighting coefficients used 
in modelling the pure soot and pure gas absorptivities 

(27) 

and 

07g = i bj (1 - e-oiL). 
j=l 

(28) 

As a consequence of equation (21), es(T) = if(T) and 
hence the weighting coefficients for the soot absorp- 
tivity are the same as for the soot emissivity 

a;(T) = a,(T) (29) 

YKX) = Yi(.Lh (30) 

In modelling the gas absoptivity, the gray gas 
absorption coefficients are generally taken to be the 
same as for the emissivity modelling 

B>(p~~ pi) = Pjtpcv pw) (31) 

while the coefficients bJ(T,, T,) are determined by 
fitting to data [14]. 

ACCURACIES OF EQUATIONS (2) AND (22) 

.The accuracy of the approximate relation for the 
emissivity, equation (2), was investigated over wide 
ranges of temperature, pathlength and soot con- 
centration for two sets of partial pressures of water 
vapor and carbon dioxide. The absorption coefficient 
of the soot was taken to be inversely proportional to 
wavelength 

k,, = cofvln (32) 

where c0 is a constant which was set equal to 5.0. 
Based upon the above k,, the total emissivity of the 
soot is given by [6] 

Es=” 1 -$i’J’[L +F] (33) 

where I/J(~) is the pentagamma function. The band 
absorptances were computed according to the ex- 
pression given in ref. [lo] wherein the band parameters 
and correction factors were taken from refs. [ 11, 121. 
Six bands for carbon dioxide were included (2.0, 2.7, 
4.3, 9.4, 10.4, 15pm) as well as five bands for water 
vapor (1.38, 1.87, 2.7, 6.3 pm, rotational). The re- 
duction in band absorptance AA, due to band overlap 
in the 2.7 pm region was computed according to [13] ; 
in the 15 pm region, AA, was computed according to 
ref. [12]. 

Table 1 indicates the percentage differences between 
the exact emissivity given by equation (1) and the 
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approximate emissivity as computed from equation and temperatures of the medium. Similar accuracy is 
(2). The average differences over the range of path- exhibited at the same source temperature when P, = 
lengths 0.015 < L < 15 m are listed along with the 0.1 atm, P, = 0.2 atm, P,,,,, = 1 atm and for a source 
maximum deviations over the same range. The agree- temperature of 1800K with either set of partial 
ment is seen to be excellent for all combinations of pressures. For T, = 6OOK, the errors are approxi- 
temperature and soot concentration. Computations mately twice those observed at the higher 
for P, = 0.1 atm, P, = 0.2 atm, I’,,,,, = l.Oatm show temperatures. 
similar agreement. 

The accuracy of the approximate relation for the 
absorptivity, equation (22), was assessed by consider- SUM OF GRAY GASES MODEL FOR SOOT 

ing three different source temperatures (T, = 600, Although gray gas weighting coefficients are avail- 
1200 and 1800 K) in conjunction with the same ranges able for various mixtures of carbon dioxide and water 
of temperature, pathlength and gas and soot con- vapor [l, 4, 141, corresponding coefficients for soot 
centrations used in the assessment of the emissivity have only been given at a single temperature [l] using 
relation. Table 2 indicates the percent differences a three gray gas representation. In the present study a 
between the exact absorptivity, equation (20) and the two gray gas representation has been achieved in 
approximate absorptivity, equation (22), for a source fitting the emissivity (absorptivity) given by equations 
temperature of 1200K. The agreement is seen to be (12)-(15) over wide ranges of temperature, pathlength 
excellent for all combinations of soot concentration and soot concentration. 

Table 1. percentage differences* between the exact [equation (l)] and approximate [equation (2)] expressions for the total 
emissivity of H,@CO,-soot mixtures P, = P, = 0.1 atm; P,,,,, = l.Oatm 

f" 

10-s 

lo-’ 

1o-6 

1o-5 

600 800 1000 1200 1400 

to.37 0.37 0.50 0.70 0.95 
$1.70 1.72 2.12 2.90 3.80 

1.90 1.56 1.60 1.82 2.10 
7.30 5.60 4.80 4.40 4.50 

3.20 2.25 1.90 1.70 1.60 
7.70 5.05 3.50 2.60 2.50 

1.60 1.04 0.82 0.70 0.58 
4.00 2.45 1.62 1.12 0.93 

1600 1800 2000 

1.20 1.46 1.70 
4.73 5.60 6.30 

2.30 2.40 2.50 
5.10 5.40 5.50 

1.50 1.40 1.22 0.85 0.75 
2.60 2.50 2.30 1.50 1.40 

0.48 0.40 0.32 0.23 0.18 
0.84 0.74 0.64 0.48 0.40 

* Percentage difference = 100 x [equation (1) - equation (2)]/equation (1). 
t Average percentage difference for the range of geometric pathlengths 0.015 C L < 15.0 m. 
$ Maximum percentage difference in the range of geometric pathlengths 0.015 < L < 15.0 m. 

2200 2400 

1.55 1.70 
5.80 6.40 

1.84 1.82 
4.00 4.00 

Table 2. Percentage differences* between the exact [equation (ZO)] and approximate [equation (22)] expressions for the total 
absorptivity of H,O-CO,-soot mixtures. T, = 1200K; P, = P, = O.latm; P,,,,, = l.Oatm 

f" 600 800 1000 1200 1400 1600 1800 2000 

10-s l-O.55 0.62 0.66 0.70 0.72 0.74 0.76 0.78 
$2.18 2.48 2.72 2.90 3.00 3.08 3.16 3.22 

lo-’ 1.30 1.48 1.67 1.82 1.95 2.06 2.16 2.26 
2.80 3.24 3.86 4.40 4.83 5.20 5.56 5.90 

1o-6 1.23 1.42 1.60 1.70 1.85 1.95 2.03 2.10 
1.72 1.96 2.30 2.60 2.83 3.03 3.22 3.40 

1o-5 0.54 0.61 0.66 0.70 0.70 0.70 0.70 0.70 
0.86 0.94 1.03 1.12 1.18 1.22 1.24 1.27 

* Percentage difference = 100 x [equation (20) - equation (22)]/equation (20). 
t Average percentage drn’erence for the range of geometric pathlengths 0.015 < L < 15.0 m. 
1 Maximum percentage difference in the range of geometric pathlengths 0.015 < L < 15.0 m. 

2200 

0.41 0.44 
1.84 1.97 

1.31 1.42 
4.48 4.80 

1.67 1.74 
3.50 3.65 

0.62 0.61 
1.27 1.30 
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Table 3. Percentage differences* between the exact [equation (33)] and approximate [equations (12) and (34)-(37)] 
expressions for the soot emissivity (absorptivity) 

.L 600 800 1000 

T, or T, 
(K) 

1200 1400 1600 1800 2000 2200 2400 

10-s t-7.44 - 7.05 - 6.23 -5.18 - 3.47 - 2.66 - 1.26 0.20 1.72 3.30 
1 - 11.75 - 9.07 - 8.34 - 7.02 - 5.37 - 3.55 - 2.85 -4.02 - 5.27 7.78 

10-l -9.55 
- 13.30 

- 6.96 
- 8.80 

- 3.95 - 2.84 - 1.83 -0.86 
-6.31 -4.53 - 2.70 - 2.46 

10-e - 7.98 -5.10 
- 13.50 - 8.70 

- 2.33 - 1.50 0.90 0.38 
- 5.62 - 3.70 - 1.80 - 2.08 

0.08 1.04 2.00 
- 3.60 4.26 6.54 

0.12 0.60 1.10 
0.26 4.85 7.12 

10-s - 6.02 -3.16 
-13.6 -8.10 

- 5.26 
- 7.83 

- 3.40 
- 7.32 

- 1.72 
- 6.20 

-0.95 -0.54 -0.32 - 0.22 -0.18 -0.17 -0.16 
-4.45 -2.73 - 1.30 - 1.70 2.38 4.12 5.90 

* Percentage difference = 100 x [equation (33) - equation (12)]/equation (33). 
t Average percentage difference for the range of geometric pathlengths 0.005 < L & 50 m. 
$ Maximum percentage difference in the range of geometric pathlengths 0.005 < L < 50 m. 

To find the values of a,(r) and yi(fV), optimization 
techniques [15] were employed in which an objective 
function was minimized subject to several constraints. 

The objective function was selected to be the sum over 
all pathlengths (for a fixed T andf”) of the squares of 

the differences between E, and 4 (equivalently, c(, and 
&). The constraints were that the coefficients had to be 

positive and that the a, had to sum to unity. Thirty-one 
pathlengths were chosen from 0.005 m to 50.0 m. For 

the ranges 600 < T < 2400 K and lOA < fV < 10e5 
the ai and yi(fV) determined by the optimization 

yielded an average deviation in predicted emissivity 
(absorptivity) of about 1.6%. The numerical values for 
a,(T) and y,(fJ were then put into analytical form by 

fitting them with various functions. Several repre- 
sentations of varying degrees of accuracy were 
achieved [16]. The simplest representations which also 

provided reasonable accuracy were found to be 

a,(T) = 1.447 

- (7.943 X 1om4)T + (7.977 x 10-8)TZ (34) 

a,(T) = 1 - a,(T) (35) 

and 

y,(f,) = exp(13.70 + 1.001 lnf”), (36) 

y2(fu) = exp(14.83 + 0.9951 lnf,). (37) 

Table 3 indicates the percentage differences between 

the exact expression for the soot emissivity (absorp- 
tivity), equation (33), and the sum of gray gases 
representation [equations (12) and (34)-(37)]. The 
average differences over the range of pathlengths 0.005 
c L < 50m are listed along with the maximum 
deviations over the same range. The simple two gray 

gas representation is seen to be quite good for 
temperatures greater than 800 K. For the usual range 
of flame temperatures (1400 < T < 2000 K) the 
agreement is excellent. Figure 1 depicts the agreement 
graphically for a soot concentration off, = 10e6, 
typical of gaseous diffusion flames. 

COMPUTATIONS FOR H,O-CO,-SOOT MIXTURES 

To demonstrate the approach for computing prop- 

erties of gas-soot mixtures, the sum of gray-gases 
representation for H,O-CO, mixture emissivities gi- 

ven in ref. [14] was combined according to equations 
(17)-( 19) with the sum of gray gases representation for 
soot given above. The results were then compared to 
the total emissivities computed from equation (1). In 
order to separate discrepancies caused by the combin- 
ing formula [equations (17)-( 19)] from discrepancies 
caused by imperfect modelling of the pure gas and pure 

- EXACT $yI/X) 

0.01 I I I I I I 

600 600 1000 1200 1400 1600 1800 2000 2200 2400 

TEMPERATURE (OK) 

FIG. 1. Comparison of the sum of gray gases model of the 
soot emissivity [equations (12) and (34)-(37)], with the exact 

soot emissivity [equation (33)] : fv = 10m6. 
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0.01 
600 800 1000 1200 1400 1600 1800 20002200 2400 

TEMPERATURE (“K) 

0.01 I I I 1 1 1 1 1 I 
6008001000 1200 14001600 1800 200022002400 

TEMPERATURE ("K) 

FIG. 2. Comparison of the sum of gray gases model of the 
H,O-CO, emissivity [14] with the emissivity computed from 

FIG. 4. Comparison of the sum of gray gases model of the 

band absorptances [equation (3)]: P, = P, = 0.1 atm; P,,,, 
H,O-CO,-soot mixture emissivity [equation (17)] with the 

= l.Oatm. 
emissivity computed from the band absorptance formulation 
[equation (l)]: f, = 10m6; P, = P, = 0.1 atm; P,,,,, = 

lo; 
_- /_--- 

[_____ _-- 

600 800 1000 1200 1400 1600 18002000 2200 

TEMPERATURE (OK) 

7 

10 

FIG. 3. Cornparis of &he sum of gray gases model of the 
H,@CO,-soot mixture emissivity [equation (17)] with the 
emissivity computed from the band absorptance formulation 
[equation (l)]:f, = lo-‘; P, = P, = O.latm; P,,,,, = 

1.0 atm. 

p_:.:: _____-__; 

1.0 atm. 

soot emissivities, the total emissivities of the gases 

without soot were computed according to ref. [14] and 
compared with equation (3). These results are given in 
Fig. 2 where it is seen that deviations occur at 

temperatures less than lOOOK and at pathlengths 
greater than 1.5 m. 

Results for the total emissivities of H,O-CO,+oot 
mixtures are given in Figs. 3 and 4 for soot con- 

centrations off; = lo-’ and lO-‘j respectively. The 
sum of gray gases representation, equation (17), is seen 

to yield emissivities which are essentially the same as 
those predicted using equation (1) whenever the in- 

dividual sum of gray gases representations for both 
gases and soot are accurate. This is as it should be since 
the only approximation introduced into the analysis 
was equation (2tPwhose accuracy has been 

demonstrated. 
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COEFFICIENTS DE PONDERATION DES GAZ GRIS POUR DES MELANGES ARBITRAIRES 
GAZ-SUIE 

R&me-On dheloppe une mtthode pour determiner les coefficients de pondiration des gaz gris pour des 
mClanges gaz-suie, B partir des coefficients qui reprisentent separement le comportement des suie et celui des 
gaz. On obtient des reprdsentations i la fois pour I’lmissivitd et I’absorptivitt. On montre que cette approche 
est p&se sur de larges domaines de tempirature, de longueur de parcours et de concentration de suie. 

EINFLUSSKOEFFIZIENTEN DER GRAUEN GASSTRAHLUNG FUR BELIEBIGE GAS%RUSS- 
MISCHUNGEN 

Zusammenfassung-Es wird ein Verfahren entwickelt zur Bestimmung der Einflul3koeffizienten der grauen 
Gasstrahlung fiir Gas-RuB-Mischungen aus den Koeflizienten, die im einzelnen das Verhalten des RuDes 
und des Gases wiedergeben. Sowohl die Emissions- als such die Absorptionskoefiizienten k(innen dargestellt 
werden. Es wird gezeigt, da13 das Verfahren iiber einen weiten Bereich von Temperatur, Wegltige und 

RuDkonzentration genau ist. 

BECOBbIE KOX@WIJMEHTbI CEPOrO rA3A AJIR CMECEfi TA3A M CAXIKM 
IlPOM3BOJIbHOI-0 COCTABA 

AmIoTauwn-Paspa6oTaH M&Ton OnpeneJleHHa BeCOBbIX K03@@iLWieHTOB ra3a M CaXW “0 K03+$W- 
UReHTaM, XapaKTepH3yFOlWiM CaXCy I( l-a3 B OT~eJtbHOCTH. nOJly’IeHb1 BbIpa%eHHa Qn5l H3JIyVaTe.“bHOfi 
H nOrJIOlllaTeJlbHOti cnoco6HocTa ra3a. YCTaHOBJIeHa TOUHOCTb npenJlOmeHHOr0 MeTOna a mltpOKOM 

nuanasose TeMnepaTyp, nnuH npo6era A KOHLteHTpauHfi caXKI(. 


